Abstract. It is shown that the commonly accepted definition for the Casimir scalar operators of the Poincaré group does not satisfy the properties of Casimir invariance when applied to the non-inertial motion of elementary particles while in the presence of external gravitational and electromagnetic fields, where general curvilinear coordinates are used to describe the momentum generators within a Fermi normal co-ordinate framework. Specific expressions of the Casimir scalar properties are presented for spin-1/2 to spin-2 particles inclusive. While the Casimir scalar for linear momentum remains a Lorentz invariant in the absence of external fields, this is no longer true for the spin Casimir scalar. Potential implications are considered for the propagation of photons, gravitons, and gravitinos as described by the spin-3/2 Rarita-Schwinger vector-spinor field. In particular, it is shown that non-inertial motion introduces a frame-based effective mass to the spin interaction, with interesting physical consequences that are explored in detail.
Introduction
In a recent paper [1] , a question is raised about the limitations of the Poincaré group for identifying the dynamics of a quantum mechanical particle in non-inertial motion. Specifically, this paper considers the viability of applying the Pauli-Lubanski spin vector to describe the intrinsic properties of a spin-1/2 particle while propagating along a general worldline in Minkowski space-time. By expressing the Poincaré group generators in terms of curvilinear co-ordinates, to best accommodate the symmetries of the particle's motion with respect to some fixed laboratory frame, it is shown that the associated Casimir scalar invariant for particle spin becomes frame-dependent. This is due to an additive term involving the Pauli spin vector σ coupled to a Hermitian three-vector R called the non-inertial dipole operator [1, 2, 3] , which relates the interaction between the momentum operators P described by curvilinear co-ordinates. Dimensionally, |R| ∼ |P |/r, where r is the local radius of curvature defined with respect § Author to whom correspondence should be addressed.
to the laboratory frame. In the limit as r → ∞, it follows that R → 0 for fixed momentum, and for a particle in rectilinear motion whose trajectory is best represented by Cartesian co-ordinates, R = 0 identically. In this context, "non-inertial motion" refers exclusively to motion involving local rotational acceleration of the frame comoving with the particle, since linear accelerated motion as described in terms of Rindler coordinates, for example, naturally implies that R = 0, as the corresponding momentum generators automatically commute.
To determine the relative magnitude of R within an experimental context, one application is to explore the effects of non-inertial motion on muon decay in a circular storage ring [1] . While it is shown that the muon's decay rate decreases due to R, the effect is negligibly small for detection by current experimental facilities, such as the Brookhaven National Laboratory with r = 711.2 cm [4] . However, it is interesting to note that when r approaches the muon's Compton wavelength of 1.18 × 10 −12 cm [5] , it follows that the muon is predicted to become stable indefinitely. Whether another physical effect, such as bremmstrahlung radiation, intervenes to prevent this possibility is an open question. Nonetheless, this prediction suggests that the interplay between quantum mechanics and curved space-time-reflected here via the principle of equivalence-may become accessible at length scales many orders of magnitude larger than the Planck length scale. This is a rather surprising result, since conventional wisdom based on string theory [6, 7] , loop quantum gravity [8, 9] , and other approaches [10, 11] suggests that the Planck scale is the only length scale of relevance where quantum gravity-related effects are expected to appear. Nonetheless, this claim also supports the findings of a recent paper [12] -following purely classical arguments involving general relativity and electromagnetism-which suggests that space-time curvature generated by a Kerr-Newman black hole with the mass, charge, and spin of an electron significantly modifies the properties of electromagnetic fields at the electron's Compton wavelength scale.
If this well-defined prediction bears out in a more sophisticated calculation involving a curved space-time background, then it will provide an important clue about the interface between quantum mechanics and gravitation in a data-driven search for a viable theory of quantum gravity. For this purpose, a recent generalization of this paper [13] explores general spin-1/2 particle motion in the presence of local curvature described by Fermi normal co-ordinates, with the specific application of muon decay near the event horizon of a microscopic Kerr black hole . The main results of this paper suggest that, in the absence of possible unforseen effects around the muon's Compton wavelength scale, space-time curvature enhances the stabilization process predicted earlier [1] , instead of counteracting against it. While bremmstrahlung radiation most certainly has an important role to modify this viewpoint, this argument becomes much more difficult to make when applied to the beta decay of accelerated neutrons, for example [13] .
Based on this preliminary analysis, there are important consequences that may follow from a closer examination of Casimir properties of elementary particles in curved space-time. Because the intrinsic properties of subatomic particles [14] are fundamentally dependent upon the Poincaré group, whose common description in Cartesian co-ordinates is strictly applicable only for inertial motion, it is necessary to precisely determine how deviations from flat space-time influence the status of quantum matter at the level of a single particle, particularly for mesons such as photons and gravitons. The standard quantum field theory treatment in the absence of gravity determines the existence of particles as excitations from some identifiable vacuum state. In contrast, the particle concept has no operationally invariant meaning within the framework of quantum field theory in curved space-time [15, 16] , due to the lack of a unique vacuum state based on Poincaré invariance. Given that a quantum field is essentially a continuous distribution of matter defined over some region of spacetime, conceptual difficulties are raised over how to accurately describe gravitational interactions within a quantum field. This is because a classical gravitational field is locally identifiable for some observer along a reference geodesic worldline only after observing tidal forces from a neighbouring worldline, whose trajectory is subject to space-time curvature. In addition, since the Heisenberg uncertainty principle indicates the impossibility of knowing both the position and momentum of a quantum object to arbitrary precision simultaneously, it follows that the quantum nature of tidal forces is also subject to this ambiguity. At what length scale does this breakdown of understanding occur? Finding a satisfactory response to this somewhat underappreciated issue is among the more long-term goals for this line of research.
This paper explores the so-called Casimir properties of the Poincaré group for elementary particles, while propagating non-inertially in the presence of external gravitational and electromagnetic fields. A detailed first-principles computation of the spin-1/2 Casimir scalars for linear momentum and spin angular momentum in the presence of gravitational and electromagnetic fields is presented in Sec. 2, which includes the formalism of Fermi normal co-ordinates, along with its generalization of curvilinear spatial co-ordinates [1] . A demonstration of the explicit breakdown of Casimir invariance for the relevant operators concerning linear momentum and spin angular momentum in the Poincaré group due to non-inertial motion in the absence of external fields is then given in Sec. 3. This is followed by Sec. 4, which outlines the principles of computing the Casimir scalars for massive particles of higher-order spin with explicit computations presented for spin-1 to spin-2 inclusive, where the Rarita-Schwinger vector-spinor field [17] is assumed for determining the spin-3/2 case. The diagonalized form of the Casimir spin scalar operators, in the limit of vanishing external fields, is then presented in Sec. 5, with an exploration of interesting physical consequences for both massive and massless particles, where the latter set describes the predicted behaviour of spin-1 photons, spin-3/2 gravitinos predicted in supersymmetry, and spin-2 gravitons while in non-inertial motion. A discussion of more general considerations motivated by the main results in this paper is presented in Sec. 6, followed by a brief conclusion in Sec. 7.
Casimir Scalars of Spin-1/2 Particles in Curved Space-Time

Fermi Normal Co-ordinates
Before exploring the Casimir properties of spin-1/2 particles in curved space-time following the approach taken in this paper, it is useful to first briefly review the formalism of Fermi normal co-ordinates as commonly presented [18] , along with its generalization to incorporate curvilinear spatial co-ordinates [13] .
Formalism
The location and the orientation of the frame locally comoving with the spin-1/2 particle is determined using the orthonormal tetrad formalism [1] , in which general curvilinear co-ordinates identify the particle frame's spatial location in flat spacetime with respect to the stationary laboratory frame. It follows that the spatial coordinates associated with the comoving frame are naturally chosen to be either Cartesian for rectilinear motion, or some other set, such as cylindrical or spherical co-ordinates, if it better reflects the symmetry of the particle's motion between neighbouring intervals of proper time.
A similar approach can be taken when generalizing the problem to incorporate space-time curvature [13] , where the spatial part of the comoving frame is described by Fermi normal co-ordinates X µ = (T, X), and the Riemann curvature tensor is projected onto the associated worldline. While it is possible to find exact expressions of Fermi normal co-ordinates for certain curved backgrounds [19] , generally they are represented as perturbative expansions away from the origin identified by the four-velocity of the reference worldline. Since the initial derivation of the local metric presented by Manasse and Misner [20] for a freely falling observer, generalizations that include both curvature and inertial contributions also exist [21, 22, 23] , in which the latter are due to nongeodesic motion. In particular, it is shown [22, 23] that explicit coupling of gravitational and inertial effects appear for third-order expansions of the metric with respect to X. While it is useful to consider both types of contributions for this problem at a later date, for the sake of clarity the inertial effects are neglected here. In what follows, geometric units of G = c = 1 are assumed throughout, where the Riemann and Ricci tensors are defined according to the conventions of Misner, Thorne, and Wheeler [24] , but with a metric signature of −2. Space-time co-ordinates are labelled from 0 to 3 by Greek indices, whereμ denotes general co-ordinates with respect to some conveniently defined stationary frame, µ refer to co-ordinates with respect to the Fermi frame, andμ denote co-ordinates for a local Lorentz frame at the worldline. Spatial co-ordinates are labelled from 1 to 3 by Latin indices.
To begin, consider a worldline C in a general space-time background parametrized by proper time τ . At some event P 0 on C, the Fermi frame [20, 25, 26, 27] is determined by constructing a local orthonormal vierbein set {λᾱ µ } and its inverse set {λ µᾱ }, such that λμ 0 = dxμ/dτ and λμ a define the local spatial axes. If the unit spatial tangent vector from P 0 to a neighbouring event P is described by ξμ = (dxμ/dσ) 0 , where σ is the proper length of a unique spacelike geodesic orthogonal to C, then the Fermi normal co-ordinates at P are described by T = τ and X i = σ ξμ λ iμ . It follows that the space-time metric is described by
where
and
It is possible to find an orthonormal vierbein set {ē µα (X)} and its inverse ēα µ (X) to define a local Lorentz frame [18] satisfying
2.1.2. Conversion to Curvilinear Co-ordinates Because the spatial components of the Fermi normal co-ordinates are locally Cartesian given (1), the underlying issue remains as before [1] , namely whether the propagation of a quantum particle in a curved background is properly represented by X µ or if the spatial components should be generalized to accommodate the symmetries of the particle's motion in space. To address this issue, it is necessary to allow
, where u k are general curvilinear co-ordinates [13] . This leads to a new expression of Fermi normal co-ordinates in the form U µ , where U 0 = T and U i = u i . It clearly follows that a new set of orthonormal vierbeins for these new co-ordinates are expressed as
Then Minkowski space-time in curvilinear co-ordinate form is described by [28] 
with λ (î) (u) as dimensional scale functions.
Covariant Dirac Equation
Given (2a)-(2c), the covariant Dirac equation for a spin-1/2 particle with mass m can be written as
} is the set of gamma matrices satisfying {γ µ (X), γ ν (X)} = 2 g µν F (X), and Γ µ (X) is the spin connection. With (4a)-(5d) available, the spin connection can be expressed as
where ∇ µ denotes covariant differentiation, γα is the set of flat space-time gamma matrices satisfying γα, γβ = 2 ηαβ, following the convention of Itzykson and Zuber [29] , and σαβ = i 2 γα, γβ . Retaining only contributions to first-order in the Riemann tensor, it therefore follows from (9) that
The spin connection in curvilinear coordinates is then
is the Ricci rotation coefficient [30] . By projecting onto the local Lorentz frame, the covariant Dirac equation (8) expressed in curvilinear co-ordinates becomes
where∇μ = ∇μ + iΓμ(U) is the covariant derivative operator with
It is fairly lengthy but straightforward to show that (14) takes the form
is the momentum operator in curvilinear co-ordinates, in terms of
whereΓ
It is easy to verify for spherical co-ordinates
where λ (1) (u) = 1 , λ (2) (u) = r , and λ (3) (u) = r sin θ . By letting Dμ = Pμ −h Γμ and recalling the identity [31] γμ γν γρ
where εμνρσ is the Levi-Civita symbol [29] with ε0123 = 1, it is shown that
The "C" in (23) denotes the chiral-dependent part of the spin connection, while the "S" in (19a)-(19b) refers to the symmetric part under chiral symmetry. Finally, for the purpose of generalization, assume that the elementary particle is sensitive to electromagnetic fields, and that Pμ →Pμ = Pμ−e Aμ, where Aμ is the electromagnetic vector potential and e is the particle's unit charge.
Casimir Scalars for Linear Momentum and Spin Angular Momentum
For spin-1/2 particles, it is straightforward to show that the Casimir scalar for linear momentum is
where m 2 0 ≡PαPα and m 2 0 = m 2 in the absence of external fields. It becomes selfevident that (24) is a Lorentz invariant under these conditions.
To determine the Casimir scalar for spin angular momentum, recall that the PauliLubanski vector is formally defined in a local Lorentz frame as
For spin-1/2 particles, Σαβ (1/2) = σαβ/2 is identified in terms of the local Lorentz transformation for a spinor field
with ωαβ denoting infinitesimal rotations in space-time. By using (21) and the identity εμνρσ σρσ = −2 i γ 5 σμν [29] , it follows that
where the first term of (27) is identified with − + 1 m 2 in flat space-time without external fields. As for the second term of (27) , this is determined according to [32] 
i Pα, Pβ =h Cμαβ Pμ + 2hē
where Cμαβ is the exclusively curvature-dependent object of anholonomicity for the local Lorentz frame. The second term in (28b) contains the non-inertial dipole operator, given by
The existence of the second term in (28b) is a subtle issue that requires justification, since the standard expression of i Pα, Pβ =h Cμαβ Pμ is what usually appears in the literature. A derivation of (28b) can be found in Appendix A of this paper. Substituting (28a)- (29) into (27) leads to
as the expression for the spin-1/2 particle Casimir scalar for spin, where
is first-order in the Riemann tensor and Qαβ → 0 as F Rμναβ → 0. It is clear to see that (30) reduces to the frame-dependent expression obtained in flat space-time when all external fields vanish [1] . As well, it is straightforward to show from the contraction of W (1/2) defined by (25) with D (1/2) that the orthogonality relationship between the two vectors is no longer satisfied, since
which also reduces to its flat space-time counterpart [1] . Since this holds true even for massless (m 0 = 0) spin-1/2 particles in the absence of external fields, the standard identification of helicity state projections parallel and antiparallel to the particle's direction of motion [14] no longer applies when considering non-inertial motion with rotation. It is also interesting to note that, for the chiral representation [29] with α = γ 5 σ, almost all the Hermitian terms in (32) exist as pseudo-scalars.
Casimir Invariance Breakdown due to Non-Inertial Motion
The scalars derived from the momentum operator Dμ and the spin operator Wμ are purposefully labelled "Casimir scalars" instead of "Casimir invariants" to underscore the fact that at least Wμ Wμ is no longer a Lorentz invariant quantity when considering free-particle non-inertial motion while in a flat background. However, by definition a Casimir operator is an element in a Lie algebra that commutes with all of the generators that define the algebra [33] . If the spatial canonical momentum generators are described by curvilinear co-ordinates, it becomes evident that even this designation of "Casimir scalars" for Dμ Dμ and Wμ Wμ is somewhat misleading, since in the absence of external fields,
It is obvious that Pμ Pμ and Wμ Wμ become Casimir invariants in general only when R → 0, corresponding to rectilinear motion. Nonetheless, for the wider purposes of this paper and for the sake of convenience, these operators are identified as "Casimir scalars" for the remainder of this paper, while clearly acknowledging the conceptual disagreement between this designation and the formal definition to which it refers [33] .
Casimir Scalars for Particles of Higher-Order Spin
The basis for exploring the Casimir properties of integer and half-integer spin elementary particles is given by the local Lorentz transformation of a general multi-indexed field Tν
where Σ
while the corresponding expression for the Pauli-Lubanski vector is
With (36) and (37), it becomes a straightforward exercise to determine the Casimir scalars
The computations for spin-1, spin-3/2, and spin-2 are presented below, where the spin-3/2 case is described by the Rarita-Schwinger vector-spinor field [17] . All the fields considered are assumed to be massive (m 0 = 0), where the special case of massless fields (m 0 = 0) is treated separately. With the exception of Appendix A, the orthonormal frame indices for the remainder of this paper will be unhatted for the sake of notational clarity.
Spin-1 Fields
The local Lorentz transformation for a spin-1 vector field V µ (1) is given by
where the covariant spin operator Σ
αβ is
Then the combination of (36) and (39) leads to
for the spin-1 covariant momentum operator, while (39) and (40) substituted into (37) results in
for the spin-1 Pauli-Lubanski vector.
A straightforward calculation of
for the spin-1 Casimir scalar for linear momentum, where the second and third terms in (42) are Hermitian, while the fourth term involving the gradient of the Ricci rotation coefficients is anti-Hermitian. In the absence of external fields, it is clear that (42) is a Lorentz invariant.
To compute the corresponding Casimir scalar for spin, it is useful to note that the Proca equation naturally generates the constraint
Upon substitutinḡ
into W (1) · W (1) and using (43), it is shown that
which is a Hermitian operator, except for the gradient term in (45) . In contrast to (42), the spin-1 Casimir scalar for spin is not a Lorentz invariant for general motion in the absence of external fields, but rather takes the form
where the second term due to the non-inertial dipole operator R can be interpreted as an effective mass contribution. Issues pertaining to this interpretation are considered in greater detail in the next section of this paper.
As for the orthogonality relationship between W (1) and D (1) , it is evident that this condition is violated in the presence of gravitational and electromagnetic fields, since
However, it is also evident that W (1) and D (1) anticommute in the form W
µ = 0 in the limit of vanishing external fields, since
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This property concurs with the same type of observation for spin-1/2 particles, as given by (32).
Spin-3/2 Fields
While it is possible to construct a spin-3/2 field in different ways [34] , arguably the most useful representation is that given by the Rarita-Schwinger formalism [17] . For this representation, the spin-3/2 vector-spinor field Ψ µ (3/2) is subject to the local Lorentz transformation
expressed as the sum of spin-1 interactions on the spin-3/2 field's vector components and spin-1/2 interactions on the spinor components of Ψ µ (3/2) . Application of (36) with (50) results in
for the spin-3/2 covariant momentum operator. The corresponding expression for the spin-3/2 Pauli-Lubanski vector is then
from using (37), (50), and (51). Straightforward application of (51) to compute
for the spin-3/2 Casimir scalar for linear momentum, where
It is clear from (53) and (54) that D To determine the spin-3/2 Casimir scalar for spin, it is necessary to make use of the known constraints for Rarita-Schwinger fields [17] , which arē
With (55) and (56), it can be shown that W (3/2) · W (3/2) can be evaluated, leading to
in the presence of gravitational and electromagnetic fields. A closer examination of (57) in the limit of vanishing external fields reveals that
where R appears in terms of both the spin-1/2 and spin-1 interactions that comprise the spin-3/2 field, which generate effective mass contributions to (58). In a similar fashion as shown for spin-1/2 and spin-1 fields, the orthogonality relations between W (3/2) and D (3/2) are not satisfied in the presence of gravitational and electromagnetic fields, as shown by
It is also true for spin-3/2 fields that W (3/2) and D (3/2) anticommute according to
= 0 in the limit of vanishing external fields, since
Spin-2 Fields
For a spin-2 field described by T µν (2) as the composite of two spin-1 vector fields, the local Lorentz transformation is given by
Following the same pattern as before, the spin-2 covariant momentum operator takes the form
while the corresponding spin-2 Pauli-Lubanski vector is
Computation of the spin-2 Casimir scalar for linear momentum is then given by 
67) where the constraint equation
projecting out the longitudinal modes is incorporated. In the absence of external fields, it is shown that (67) reduces to
So far, no symmetries are assumed for T µν (2) in the derivations leading to (69). However, when considering a symmetric and traceless spin-2 tensor field, commonly accepted defining properties for the graviton h µν (2) [34, 35] , it follows naturally that
where the non-inertial dipole operator R again appears as an effective mass contribution in (70). Finally, following the same pattern as found in lower-order spins, it is shown that the orthogonality relationship between W (2) and D (2) is no longer satisfied in the presence of gravitational and electromagnetic fields, since
Again, following the same pattern as shown in lower-order spins, in the limit of vanishing external fields, W (2) and D (2) anticommute in the form W
Casimir Spin Scalar Operators in Diagonalized Form
General Expressions
At this point, it is useful to determine the eigenvalues of W (s) · W (s) in the absence of external fields and explore their physical implications, given that each of the expressions for spin-1/2 to spin-2 inclusive have non-trivial effective mass contributions present due to R. This is a straightforward exercise, where the "(D)" subscript for
in the computations that follow indicates the diagonalized form of the Casimir spin scalar operators. For spin-1/2 particles, the diagonalized form of (30) in the absence of external fields leads to
, which indicates an effective mass-squared splitting of 1 2h
|R| above and below the standard eigenvalue of − . Similarly, when considering spin-3/2, the diagonalized form of (58) results in
where κ 3/2 = In contrast, the spin-1 and spin-2 particle Casimir scalars each generate an eigenvalue which has no dependence on R. That is, for spin-1 particles it is shown from diagonalizing (46) that
where κ 1 = 0, 1, which indicates an effective mass-squared splitting of 2h|R| above and below the standard eigenvalue of −1 (1 + 1) m 2 0 , while diagonalizing (70) for a massive symmetric spin-2 field and adding the total number of excitations possible leads to
where κ 2 = 0, 1, 2, with a corresponding effective mass-squared splitting of 6h|R| and 12h|R| above and below −2 (2 + 1) m 2 0 , respectively. This outcome of 2s + 1 eigenvalues with integer units of κ sh |R| scaled by s(s + 1) is analogous to the well-understood notion of spectral line splitting due to the Zeeman effect, where R fulfills the role of a static magnetic field in this context, and κ s is the due to non-inertial motion. Fig. 1(a) transforms the null plane into a spacelike surface for positive effective squared-mass +κ sh |R| due to non-inertial motion, while a negative effective squared-mass −κ sh |R| leads to Fig. 1(b) , a timelike surface.
"magnetic quantum number" corresponding to excitations with respect to non-inertial motion. While it remains to be seen whether this analogy holds true in all conceivable contexts, given theh 2 (σ · R) interaction term derived in (30) for spin-1/2 particles, it appears that this interpretation is well-founded. It is also interesting to note that the non-inertial dipole operator has the capacity to distinguish between fermions and bosons due to this type of interaction with the spin. Though it is unclear whether this pattern remains satisfied for s > 2, the fact that the distinction between fermions and bosons due to R-dependent interactions applies to the most relevant spin states known is a useful feature that may have future applications for consideration.
Physical Implications for Massive and Massless Particles
The eigenstates (73)-(76) for spin-1/2 to spin-2 inclusive introduce some interesting physical consequences when applied to both massive and massless spin-s particles. Consider for the moment the case of massive particles. Assuming from the lower signs of (73) 
When r ≫ κ s λ 0 to approximate free-particle inertial motion, v crit. → 1 as expected. However, when r ∼ κ s λ 0 , it follows that v crit. → 1/ √ 2. The identification of a potential critical speed v crit. < 1 is interesting for at least two reasons. First, it suggests the existence of a maximal acceleration a max. ≡ 2/λ 0 originally proposed by Caianiello [36, 37] if it proves impossible to violate the condition v < v crit. for particle motion along a general worldline. Second, the actual value for v crit. coincides with the value determined by Chicone and Mashhoon as the critical initial speed when classical matter propagating along the symmetry axis of Kerr black holes becomes tidally accelerated to form highenergy astrophysical jets [38] . Though it is unclear whether this correspondence is nothing more than a coincidence, this value for v crit. does suggest the possibility of a deeper connection worthy of further investigation.
For strictly massless particles, |P | = E, where E is the particle's energy. 
Discussion
Having now explored the so-called Casimir scalar properties for spin-1/2 to spin-2 particles inclusive for general particle motion while in the presence of external gravitational and electromagnetic fields, it is useful to consider some more general issues of relevance. Given the difficulties noted from (33a)- (34) non-inertial motion, it is worthwhile to investigate the possibility of identifying genuine Casimir invariants corresponding to linear momentum and spin angular momentum for general particle motion in space-time. At least for the case of spin-1/2 particles [1] , it is possible to construct a modified Pauli-Lubanski vector that takes into account the existence of R. Besides satisfying Lorentz invariance, this new operator possesses some attractive properties in terms of naturally identifying helicity states, for example, that equally apply to both massive and massless spin-1/2 particles. It would be most interesting to know if such constructions can be determined for particles of higherorder spin, and whether similar properties identified for the spin-1/2 case are replicated accordingly [1] . As for other considerations about Casimir operators defined in curved space-time and/or for accelerated motion, one alternate perspective found in the literature explores the properties of projective representations of the inhomogeneous Hamilton groupwhich describe non-inertial frames according to classical Hamiltonian mechanics and whose subgroup is the Galilei group for inertial frames-as applied to a quantum noninertial state [39] . This paper finds that the Casimir invariants derived according to the Hamilton group lead to a generalized description of spin as a Galilei invariant that is applicable to both inertial and non-inertial states. While there may be a useful relationship to consider when compared with the one presented in this paper, this treatment only makes use of generalized co-ordinates and conjugate momenta, so any potential correspondence between the two approaches taken is certainly limited in this respect. A second perspective makes the point that, within the context of gauge-field approaches to gravitation, Casimir invariance of the Poincaré group is violated for a metric-affine gravity theory, which must then be sought after via the more general symmetry group GL(4, R) [40, 41] .
One of the primary motivations of this paper is to consider how gravitational and electromagnetic fields, as well as the non-inertial dipole operator, modify the properties of massless spin-1 and spin-2 particles, corresponding to photon and gravitons, as well as spin-3/2 particles for gravitinos predicted to exist in supersymmetry (SUSY). That nontrivial contributions appear due to external fields is undeniable and may well provide useful insights into how these mediating particles propagate in space-time. For massive particles, it is reasonable to identify a world-tube of radius λ 0 to describe spatiallyaveraged quantum fluctuations surrounding a classical worldline where the propagating particle is most likely to be found. However, it is also known that an attempt to describe massless particles by assuming m 0 → 0 within this framework leads to conceptual difficulties [42] , since the associated Compton wavelength for the photon or graviton is now λ 0 → ∞. This makes the world-tube treatment very difficult to conceptualize properly, since the photon or graviton must somehow still resolve to propagate on null rays to preserve a light cone structure in the classical limit.
The well-known treatment of Fierz and Pauli [42, 43] assumes a massive spin-2 symmetric tensor for the graviton propagating on a flat space-time background, which results in a modified set of Einstein field equations due to an additional mass term that changes the geometric structure of the theory. While the helicity states of ±1 for the massive graviton get removed as four-divergences in combination with energymomentum conservation, it happens that the zero-helicity state is coupled to the trace of the energy-momentum tensor and still remains [42] . Therefore, Einstein's general relativity is not recovered as m 0 → 0, but behaves like a Brans-Dicke theory of gravity. With the external field contributions to the Casimir scalars considered in this paper, it may be possible to overcome some of the limitations encountered by the Fierz-Pauli treatment, while also making use of the related approach given by Feynman [35] .
The spin-3/2 gravitino described in terms of the Rarita-Schwinger construction is naturally a more speculative consideration that exists within the SUSY formalism as the fermion superpartner with the graviton [44] . It is widely regarded as a dark matter candidate to help account for the currently accepted value of the known Universe's matter density. The gravitino is classified as an extremely weakly interacting particle that must be massless, but whose theoretical rest mass can exist from the eV to the TeV scale, depending on the precise form of SUSY breaking [44] . If such a particle truly exists, it is quite possible that non-inertial effects may contribute significantly to understanding any mass determinations for relic gravitinos that may have been produced in the early Universe.
Finally, the approach taken in this paper assumes a smooth manifold and a simply connected topology for space-time. This is certainly a reasonable assumption to make in the absence of any physical justification to suggest otherwise. Of course, it is quite possible that space-time may be turbulent and have a highly non-trivial topological structure for length scales of possible relevance for the purposes of this investigation. The "space-time foam" concept envisioned by Wheeler [45] may seriously disrupt the main features of the statements given in this paper, though it is highly unclear when to anticipate the appearance of significant space-time fluctuations, should the amplitude somehow be orders of magnitude larger than the Planck scale. Nonetheless, there exist interesting approaches to this problem by suggesting searches for quantum space-time fluctuations on cosmological scales [46] , such as the presence of halos surrounding distant quasars and other astrophysical sources. It remains to be seen what sort of impact this outcome would likely have on the investigation presented here.
Conclusion
This paper investigates the general properties of Casimir scalars for the Poincaré group in the presence of external gravitational and electromagnetic fields, where the group generators are expressed in terms of curvilinear co-ordinates to accommodate for the general motion of elementary particles in space. It is shown that under these conditions, the Casimir scalars for linear momentum and spin angular momentum no longer satisfy the necessary conditions required to denote them as "Casimir invariants," since they no longer commute with all the elements of the associated Lie algebra, according to (33a)- (34) . Explicit computations are performed for the specific cases of spin-1/2 to spin-2 particles inclusive, where numerous interesting physical consequences emerge due to the presence of the non-inertial dipole operator R, the most intriguing of which is the prediction of an effective mass associated with the spin Casimir scalar.
While the external gravitational and electromagnetic contributions are given in general form, it would be interesting to see how modifications of the Casimir scalars would appear due to interactions with a specific metric background and/or charge distribution. In particular, integration over quantum fluctuations about the elementary particle's classical worldline would determine if there is an effective gravitational interaction that contributes to the particle's propagation in space-time. These and other issues outlined in this paper may be explored in the future.
